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Climbing Up from Atoms
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Modeling Materials:  The Engineering Paradigm
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In current-day engineering, the thermo-mechanical response of a 
material to loading is typically obtained using

• continuum mechanics at some level of approximation

• fitted (phenomenological) constitutive relations

• fitted (phenomenological) failure criteria

In reality, materials are dynamical systems of atoms characterized by

• a huge number of particles (1 gram of copper ≈ 1022 atoms)

• multiple length scales ranging from angstroms = 10-10 m and up

• multiple time scales ranging from femtosecond = 10-15 sec and up

How do we bridge the gap? 10 sextillion 
atoms
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Bridging the Micro-to-Macro Gap

3

Objective:  Construct predictive constitutive relations and failure criteria 
for materials and nanoscale systems from the atoms up.

1. How can we reliably predict the interactions between the atoms?

2. How do we deal with the exponential complexity of the atomic energy landscape?

3. How do we address the huge spatial and temporal scale disparities from the atomic 
to the macroscopic?

4. How do we relate macroscopic concepts like stress to microscopic processes?

5. How can non-equilibrium processes be modeled?

These are some of the questions being explored in the field of 
multiscale modeling of materials.

Challenges and Open Questions
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‣ Electrons are thought of as waves that satisfy Schrödinger’s equation:
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Atomic Interactions
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‣ Bonding between atoms is essentially the lowering of energy of the electrons compared 
to the unbonded state.  This is described by quantum mechanics.

‣ Born-Oppenheimer approximation:
we can separate the behavior of the atomic nuclei from 
the electrons since nuclei are much more massive

we can therefore think of the nuclei as a set of fixed 
positive charges to which the electrons respond

nucleus

electron

potential
exerted by the nuclei
(e-e and e-n electrostatic interactions)

the electronic wave function
(squared is related to probability density)

kinetic energy of electrons

‣ This is an eigenvalue equation → solution gives the ground state energy  ✏0(r)
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Empirical Interatomic Potentials
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‣ Problem:  Schrödinger’s equation cannot be solved analytically, and is 
E X T R E M E LY  expensive numerically.

State of the art is 100s to 1000s of atoms at most.

‣ The potential energy of the nuclei follows as

positions of the nuclei
electrostatic energy of nuclei

V̂(r) = ✏0(r) + UZZ(r)

‣ Solution:  Develop fitted (empirical) interatomic potentials:

V ⇡ eV(r1, . . . , rN ;↵1, ↵2, . . . )

fitting parameters
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Interatomic Potentials
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‣ The simplest model is the pair potential, where each atom is assumed to interact with 
its neighbors through nonlinear springs:

distance between 
atoms α and β

pair potential function
(energy in bond)

V =
1

2

X

↵,�
↵ 6=�

�(r↵�)

‣ Many more sophisticated and complex potentials have been invented...

• three body potentials (account for angles)

• pair functionals (account for bond environment)

• cluster functionals (angles and environment)

• bond-order potentials (sophisticated bonding descriptions)

• nonparametric (interpolate QM energy surface)

• ...
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range of atomic interactions
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Choosing a Potential for a Real World Application
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‣ Imagine we would like to simulate failure in silicon MEMS device:

J. Micromech. Microeng. 18 (2008) 117001 Note

Figure 1. Bimodal Weibull distribution of tensile failure strengths in SOIMUMPs run 14 (25 µm thick single-crystal Si MEMS), based on
data from [13]. In all tests, the top surface of the tensile bar was aligned with the (0 0 1) crystallographic axis, the tensile axis was aligned
along the ⟨1 1 0⟩ direction. Both defect types cause failure to occur on the {1 1 1} family of planes. Failure strengths were calculated normal
to the tensile axis (i.e. tensile force at fracture divided by the cross-sectional area); the resolved normal stress on the cleavage plane was
lower by a factor of 0.816.

bar had a strength <0.05 GPa, below the resolution of the
tensile test machine. Such a result suggests that there is not
much hope for a sound statistical guarantee of some minimum
strength in microfabricated Si. However, the implementation
of a proof testing regimen can provide just such a guarantee
for brittle MEMS.

3. The advantages of proof testing in high-reliability
applications

Proof testing [2, 3] has been used to qualify structural
components in many high-reliability applications from turbine
disks to hand guns to medieval body armor. The premise is
straightforward; prior to fielding a component, the component
is tested under service-like conditions at or above the design
stress. If the component survives, then it will be expected
to survive in service, barring any thermal, environmental or
mechanical degradation produced by corrosion or fatigue.
It is a thresholding or truncationtechnique that permits the
elimination of defected components whose failure strengths
belong to the lower tail of the Weibull distribution [20].

Brittle MEMS materials are nearly an ideal candidate for
proof testing. At room temperature, they do not experience
significant plastic deformation. Therefore, unlike structural
alloys, Si or other brittle MEMS materials will be unharmed
by proof testing (with appropriate consideration for potential
fatigue or stress corrosion damage, as discussed in the
following paragraph). With a proof testing regimen in place,
the impressively high average or characteristic strength of
Si becomes an asset. To illustrate, one can return to the
example of the poly1 layer in SUMMiT polysilicon. With
the characteristic strength of 1.35 GPa and a Weibull modulus
of 9.71, a proof testing regimen at 1.0 GPa would permit

Figure 2. Discovery of an anomalous defect morphology found in
the SUMMiT V polysilicon MEMS poly3 layer. This unusual defect
was found in only one region of a single die. This particular
specimen exhibited a fracture strength <0.05 GPa, whereas the
characteristic strength from a large collection of tensile tests was
2.35 GPa.

95% of the devices to pass while eliminating the remaining
5% that belong to the lower tail of the distribution. Each
of these devices that passed would have an allowable service
stress of 1.0 GPa. The mass-production aspect of MEMS
provides yet further benefit; most MEMS processes replicate

3

‣Which interatomic model should be used to study this?

Failure of a poly-Si MEMS specimen due to 
an anomalous defect morphology.

Boyce, Exp. Mech., 50:993 (2010).
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Interatomic Potentials for Silicon
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Potentials for Materials with Multiple Elements
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‣ Developing potentials for materials with multiple elements is even harder...

KU Leuven Periodic Table
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OpenKIM

11

Open Knowledgebase of Interatomic Models (OpenKIM) 

• Development of an online open resource for standardized testing long-term 
warehousing of interatomic models (potentials and force fields) and data.

• Development of an application programming interface (API) standard for atomistic 
simulations, which will allow any interatomic model to work seamlessly with any 
atomistic simulation code.

• Development of a quantitative theory of transferability of interatomic models to 
provide guidance for selecting application-appropriate models based on rigorous 
criteria, and error bounds on results.

Project Objectives

PIs:  Ellad Tadmor (UMN),  Ryan Elliott (UMN),  James Sethna (Cornell)

Funding:  NSF CDI (2009-2014);  NSF CDS&E (2014-)

Website: https://openkim.org
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OpenKIM Repository of Interatomic Models
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‣ OpenKIM includes a repository of interatomic models.  A KIM Model is:

Simulator
(simulation code)

Model
(interatomic potential)

main program subroutine

pointer

pointer

standardized,
packed 

data structure
“API Object”

Stand-alone simulation computer 
program (MD, lattice dynamics, etc.)

Routine that given a set of atomic 
positions, species, ... computes energy, 
forces, ...

• An autonomous computer implementation of an interatomic potential

• Plug and Play:  supports the KIM API (application programming interface)

• Compatible across languages (Fortran, C, C++, Python) 
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OpenKIM Testing of Interatomic Models
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‣ KIM models are tested against a suite of user-extendible property calculations 
called OpenKIM Tests:
Bulk
- lattice constants
- cohesive energy
- elastic constants
- phonon spectrum
- ..
Wall

- surface energy
- surface structure
- gamma surface
- grain boundary structure
- ...
Line
- dislocation core structure

- dislocation core energy
- Peierls barrier
- ...
Point
- vacancy formation energy
- vacancy migration barrier
- ...

Couple Test T with all 
valid Models and store 
resulting Predictions in 
Repository.

         Model 1
Model 2
Model 3
Model 4

                          ⠇      

Web portal

Repository Processing 
pipeline

OpenKIM

... Model Predictions ...

Test T
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Testing Model Predictions for GB Energies
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‣ Example: OpenKIM Test for grain boundary energy

Tadmor and Miller, Modeling Materials, Cambridge, 2011.

Most engineering materials are not single 
crystals, but are composed of a large 
number of grains (single crystals) 
separated by grain boundaries (GBs).

GBs are planes of local disorder due to 
the misalignment of neighboring grains.

‣ A tilt GB is one where two crystals 
originally in the same orientation are 
rotated about a given axis and then 
matched along an interface.

An OpenKIM Test was written to compute 
energy vs tilt angle for a tilt GB and 
uploaded to openkim.org.
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Example:  Testing Model Predictions for GB Energies
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‣ Symmetric tilt GB energy vs angle results for 40 different interatomic models for Al:

MD energy computation [1]

(almost) all grain boundary data is

computed from molecular statics

simulation domains are di�cult to

set up

gb energy demonstrates extreme

potential dependency

however the location of energy cusps

and the general shape of the energy

landscape is potential independent

geometry is the driving factor

Normalized plot of all GB energies with model trend line [1]

[1] B Runnels, D Karls, R Elliott, E Tadmor in preparation 2017

Grain Boundary Anisotropy · B. Runnels · 2/27/2017 · TMS 4/35

Lattice-matching model of grain boundaries
GEOMETRIC CRITERION FOR CORRELATING GB ENERGY

01 Introduction

• GB data computed using a molecular statics 
OpenKIM Test using LAMMPS.

• GB energy demonstrates strong potential 
dependence.

Runnels, Karls, Elliott and Tadmor, submitted (2017).

MD energy computation [1]

(almost) all grain boundary data is

computed from molecular statics

simulation domains are di�cult to

set up

gb energy demonstrates extreme

potential dependency

however the location of energy cusps

and the general shape of the energy

landscape is potential independent

geometry is the driving factor

Normalized plot of all GB energies with model trend line [1]

[1] B Runnels, D Karls, R Elliott, E Tadmor in preparation 2017

Grain Boundary Anisotropy · B. Runnels · 2/27/2017 · TMS 4/35

Lattice-matching model of grain boundaries
GEOMETRIC CRITERION FOR CORRELATING GB ENERGY

01 Introduction

• Results normalized by total energy 
collapse on single curve.

• Location of energy cusps and 
general shape is potential 
independent.

• Good agreement with a simple 
geometric analytical model (black).
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Objective:  Construct predictive constitutive relations and failure criteria 
for materials and nanoscale systems from the atoms up.

Challenges and Open Questions

1. How can we reliably predict the interactions between the atoms?

2. How do we deal with the exponential complexity of the atomic energy landscape?

3. How do we address the huge spatial and temporal scale disparities from the atomic 
to the macroscopic?

4. How do we relate macroscopic concepts like stress to microscopic processes?

5. How can non-equilibrium processes be modeled?

These are some of the questions being explored in the field of 
multiscale modeling of materials.
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Nanostructures
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‣ There is a great deal of interest in recent years in the deformation of nanostructures...

Transmission electron microscopy (TEM) of a represen-
tative post-compression bicrystalline nano-pillar was con-
ducted using an FEI Tecnai F-20 microscope. To prepare
the TEM sample a micron thick protective coating of tung-
sten was deposited on the nanopillar using the Nova 200,
and a segment containing the coated pillar on a coupon
of the underlying parent material was milled out. A micro-
manipulator (Omniprobe) was used to lift out the segment,
which was then glued to a copper TEM lamella with addi-
tional tungsten deposition. FIB cleaning of cross-sections
at very low currents of 10 pA and 30 kV was used to thin
the pillar-containing segment of aluminum down to less
than 100 nm thick.

3. Results

Representative compressive stress–strain curves for sin-
gle crystalline nano-pillars from each grain and for bicrys-
talline aluminum nano-pillars are presented in Fig. 2. All of

the curves exhibit the discrete stochastic bursts that are
characteristic of small scale fcc deformation. The orienta-
tion information provided by EBSD was used to calculate
the anisotropic Young’s modulus E[hkl] and maximum
Schmid factors for each orientation. To calculate the mod-
ulus of the bicrystalline pillars we assumed an isostrain
model with equal volume fractions for both grains. Since
aluminum is fairly isotropic (the theoretical values for
E[126] and E[104] differ by only 2.7%), any uncertainty about
the exact volume fraction of each grain did not have a
significant effect on the bicrystalline data analysis. The
average slopes of the unloading curves matched their
respective theoretical Young’s moduli E[hkl] to within 5%.
Table 1 provides the Euler angles, Young’s moduli, both
calculated and measured, and the Schmid factors for the
first available slip system for each type of pillar.

The flow stresses at 7.5% strain for single crystalline and
bicrystalline samples, resolved by their respective Schmid
factors, are plotted as a function of pillar diameter in

Fig. 1. (a) Crystallographic orientation map of a polycrystalline aluminum sample. (Inset) The inverse pole figure. (b) EBSD image of a typical grain
boundary in a pillar. SEM images of the pillars (c) before and (d) after compression to 15% strain.

4418 A. Kunz et al. / Acta Materialia 59 (2011) 4416–4424

Kunz et al., Acta Materialia, 
59:4416-4424, 2011.

distinct diameters, 125 and 250 nm, each of which is
deformed under two different strain rates, 10!1 and
10!3 s!1. The stress plotted here is true stress following
the analysis assuming a homogeneously deforming pillar
while correcting for the elastic response of the pillar acting
as an indenter into the substrate [3]. All of the stress–strain
curves have a nearly elastic loading followed by intermit-
tent strain bursts. It is noticeable that there is no apprecia-
ble global hardening across all pillars tested. In comparing
the two different sizes at a constant strain rate, there exists
a clear size effect, whereby smaller pillars exhibit strengths
much greater than that of bulk. Furthermore, at a constant
pillar diameter, faster strain rates result in higher stresses
with the increase in strength significantly larger for smaller

pillar diameters. Interestingly, increasing the strain rate by
two orders of magnitude results in only a 15% strength
increase in 250 nm pillars, while the strength in 125 nm pil-
lars increases by almost 100% upon the same strain-rate
increase, suggesting an increased strain-rate sensitivity in
smaller pillars (Fig. 5A). It also appears that the faster
strain-rate compressions result in one catastrophic strain
burst as opposed to the multiple successive bursts charac-
teristic of the slower strain rates (Fig. 3).

3.2. Size-dependent strength

Fig. 4a shows a log–log plot of flow stress at 10% strain
as a function of pillar diameter for five different pillar
diameters between 75 and 500 nm deformed at three differ-
ent constant strain rates: from 10!1 to 10!3 s!1. If a strain
burst occurs at 10%, the strain at the last point in the pre-
vious loading region is chosen as the recorded stress. Stres-
ses are not recorded for values inside a burst because as the
pillar is deforming the machine is also removing load in
order to maintain a constant displacement rate. The two
combined effects result in an unclear instantaneous stress
level during a burst. This plot reveals that pillars with lar-
ger diameters, i.e. 150–500 nm, obey the widely observed
power-law size effect for all strain rates tested, with a
power-law slope of "0.54, well within the previously
reported range [1]. Across three different strain rates, the
power-law slope remains nearly constant despite a notice-
able increase in strength with increasing strain rate. This
suggests that the power-law slope in this size regime is
not significantly affected by strain rate, and therefore by
thermal contributions. The results for the fastest strain rate
of 10!1 s!1 show this continuous power-law behavior
extending down to the smallest diameter tested, i.e.
75 nm. At the two slower strain rates, however, a transition
diameter exists, below which the pillar strength deviates

Fig. 3. Four characteristic stress–strain curves plotted for pillars of two
different diameters, 125 and 250 nm, each deformed at two different strain
rates, 10!3 and 10!1 s!1. At a constant strain rate, smaller pillars have
higher strengths, whereas at constant diameter, faster strain rates result in
higher strengths. Plastic deformation continues beyond 25% strain,
followed by unloading in all the compression tests above. Deformation
behavior beyond 25% strain is omitted for clarity.

Fig. 4. (a) Strength as a function of diameter for three different strain rates (log–log scale). Trend lines denote power-law strengthening where plasticity is
governed by collective DD. Inset shows atomistic simulation of two SASs sharing a pinning point [63]. At the transition diameter, specific to each strain
rate, the mechanism changes to SS nucleation, as reflected in a deviation from the power-law strengthening. Bottom left inset shows atomistic simulations
of a SS (reprinted with permission from APS) [20]. Top right inset depicts two single arm sources with one shared pinning point [63]. (b) Theoretical
predictions by Zhu et al. [20], showing a nearly identical trend (reprinted with permission from APS).

5630 A.T. Jennings et al. / Acta Materialia 59 (2011) 5627–5637

Compression of Al nanopillar

Buckling instabilities in multiwalled carbon nanotubes
under uniaxial compression

J. F. Waters
Division of Engineering, Brown University, Providence, Rhode Island 02912-9104

L. Riester
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831-6069

M. Jouzi, P. R. Guduru,a) and J. M. Xu
Division of Engineering, Brown University, Providence, Rhode Island 02912-9104

(Received 22 March 2004; accepted 7 July 2004)

We report experimental observations of shell buckling instabilities in freestanding, vertically aligned
multiwalled carbon nanotubes subjected to uniaxial compression. Highly ordered and uniform
arrays of carbon nanotubes embedded in an alumina matrix were fabricated and subjected to
uniaxial compression using a nanoindenter. The buckling load was found to be on the order of 2 !N
for nanotubes with 25 nm outer radius, 13 nm inner radius, and heights of 50 and 100 nm. Good
agreement was found between the experimental observations and the predictions of linear elastic
shell buckling theory. © 2004 American Institute of Physics. [DOI: 10.1063/1.1790602]

In the past decade, a large research effort has focused on
characterizing the mechanical properties of carbon nanotubes
(CNTs).1 Much of this work has been concerned with report-
ing linear elastic constants, such as elastic modulus and Pois-
son ratio, in order to compare CNTs with traditional struc-
tural materials and enable the design of efficient composites.
Past experiments focused on tensile loading2,3 and bending4,5
of carbon nanotubes to extract their mechanical properties.
Instabilities in nanotubes have also been of substantial inter-
est and many nanotube bending experiments have observed
buckling.6–8 However, no experimental measurements of in-
stabilities resulting from uniaxial compression have been re-
ported. In this letter, we report results from nanoindentation
experiments aimed at studying the mechanics of multiwalled
carbon nanotubes in uniaxial compression, and we also ex-
amine how linear elastic thin shell buckling theory can be
used to interpret the results.

Alignment poses the most significant obstacle to study-
ing the uniaxial compression of CNTs experimentally. Al-
though highly sophisticated devices to manipulate individual
nanotubes in bending and compression have been
developed,9 advances in nanotube fabrication technology
make it possible to design and conduct experiments to probe
a wide range of mechanical properties of nanotubes, includ-
ing uniaxial compression, where such manipulations are un-
necessary. Recently, a method of growing nanotubes was de-
veloped that generates highly uniform and ordered arrays of
multiwalled carbon nanotubes (MWCNTs) embedded verti-
cally in a nanoporous alumina matrix.10 First, high-purity
aluminum is anodized under carefully controlled conditions
to create an alumina film with a self-assembled hexagonal
array of vertical nanopores. A cobalt catalyst is then depos-
ited in the nanopores, followed by acetylene pyrolysis, which
results in the growth of MWCNTs along the length of the
pores. This process results in regular arrays of nanotubes
embedded in an alumina matrix. The nanotubes are then par-

tially exposed by etching the alumina matrix to the desired
depth. These samples eliminate the need to manipulate indi-
vidual nanotubes during testing, and guarantee vertical align-
ment. Figure 1 shows a CNT array created through this pro-
cess, which was used in the nanoindentation experiments.
The nanotubes in this sample were spaced 100 nm apart, and
had an outer radius of 25 nm and an inner radius of 13 nm.
Samples with 50 and 100 nm exposed lengths were used.
The nanotube heights are exceptionally uniform, with a
variation of less than 1 nm over a distance of 2 !m. By
controlling the anodization conditions, it is possible to fabri-
cate MWCNTs with outer diameters ranging from
20–200 nm. Arrays as large as a few square centimeters can
be fabricated.

The length of the exposed nanotubes must be chosen
carefully in order to observe the phenomenon of interest. For
a given geometry, if the nanotube length is greater than a
critical value, uniaxial compression will result in Euler-type
column buckling.9 Below the critical length, the nanotube
will undergo shell buckling. Our interest in this investigation
was to observe the latter phenomenon. Based on simple elas-
tic analysis and guided by the molecular dynamics (MD)
simulations of Yakobson et al.,11 shell buckling is expected
in the 100 and 50 nm long nanotubes. The occurrence of

a)Author to whom correspondence should be addressed; electronic mail:
pradeep!guduru@brown.edu

FIG. 1. Scanning electron microscope image of an ordered array of multi-
walled carbon nanotubes embedded vertically in an alumina matrix, with
100 nm exposed length.
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Compression of vertically-
aligned nanotubes

shell buckling was confirmed by our MD simulations as
well, which will be reported elsewhere.

A NanoIndenter II (MTS Nano Instruments, Oak Ridge,
TN) was used to compress the nanotubes and generate axial
force-displacement curves. Ideally, one would like to probe
the buckling behavior of CNTs by compressing a single
nanotube. Such an experiment requires not only a tip sharp
enough to engage a single nanotube, but also in situ imaging
capability to locate a nanotube. To circumvent these difficult
experimental requirements, we made use of the regularity of
the nanotube arrays by compressing a small group of nano-
tubes instead of one nanotube. Uniaxial compression was
accomplished with a 2 !m diam circular flat diamond punch.
Figure 2 is an illustration of the experiment, showing the
punch and the MWCNTs at the same scale. Each nanotube is
contained within an area of 8660 nm2 in the array, so there
were approximately 363 nanotubes beneath the punch as it
descended. The advantage of this approach was that there
was no issue of aligning the tip with nanotubes: the punch
engaged the same number of nanotubes irrespective of where
the sample was probed. The nanotubes were loaded to a pre-
scribed force and then unloaded in force-controlled mode.
Because each test was destructive in nature, several tests
were conducted to check for repeatability.

The force-displacement curves for the 100 and 50 nm
long samples are shown in Fig. 3. In the case of the 100 nm
long sample, the data shows an initial linear rise, followed by
a sharp discontinuity in displacement at essentially the same
force. Transitioning from the linear rise to the force plateau
involves some softening, indicated by the rounding in the
curve. The appearance of this plateau is highly repeatable in
several experiments and we interpret it as shell buckling in
nanotubes. In the case of the 50 nm long sample, the flat
plateau is replaced by a sharp decrease in slope and this
transition point is interpreted as the onset of buckling insta-
bility. The qualitative difference in behavior between the two
cases is not surprising because as the aspect ratio of the
structure becomes smaller, the boundary constraints begin to
play a major role in the postbuckling behavior and the col-
lapse need not be as catastrophic as in the case of longer
structures. The collapse force is 0.82 mN for the 100 nm
long sample, whereas it is 0.92 mN for the 50 nm long
sample. The critical buckling loads for the individual nano-
tubes are therefore found to be 2.26 and 2.54 !N for the 100
and 50 nm long MWCNTs, respectively.

It is possible to analyze these results using elastic shell
buckling theory with an appropriate choice of elastic con-
stants. Yakobson et al.11 demonstrated that elastic shell

theory matches MD simulations if the elastic constants are
chosen such that E=5.5 TPa, "=0.19, and h=0.066 nm,
where E is Young’s modulus, " is the Poisson ratio, and h is
shell thickness. For a single thin continuum shell of radius R,
the critical buckling strain12 is given by

#cr =
h

R!3"1 − "2#
. "1#

If the internal shells of a MWCNT are treated as noninter-
acting, the critical axial buckling strain is governed by that of
the outermost shell and given by Eq. (1). However, Ru dem-
onstrated that when the radial deflections of internal tubes
are coupled through van der Waals interactions,13 the critical
buckling strain would be different. He derived an expression
for the critical buckling strain by assuming that the van der
Waals interactions are “infinitely strong” [Eq. (32) in Ref.
13]. The noninteracting shell model predicts a lower bound
for the critical strain, while Ru’s model predicts an upper
bound. For both cases, the critical buckling force for each
MWCNT is given by

Fcr = 2$hE#o,cr$
i=1

n

Ri, "2#

where #o,cr is the predicted critical buckling strain, Ri is the
radius of the ith shell, and n is the total number of shells.
This result is independent of nanotube length for the shell
buckling under consideration. In the present case, n is esti-
mated to be 36 by using scanning electron microscope im-
ages to measure the average inner and outer radii of the
MWCNTs and dividing by the 0.34 nm wall spacing. The
noninteracting shell model predicts a buckling load of
2.44 !N per nanotube, while Ru’s “infinitely strong” van der
Waals interaction model predicts a buckling load of 3.37 !N
per nanotube. The experimentally obtained values of

FIG. 2. Schematic diagram of the nanoindentation experiment setup. A cir-
cular flat punch was used to load the exposed nanotubes in uniaxial
compression.

FIG. 3. (a) Force-vs-displacement results for the 100 nm sample. (b) Force-
vs-displacement results for the 50 nm sample. Dashed lines are a visual aid
illustrating the reduction in slope that signifies a buckling instability.

1788 Appl. Phys. Lett., Vol. 85, No. 10, 6 September 2004 Waters et al.
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‣ ... and groups of nanostructures:

Waters et al., Appl. Phys. Lett., 
85:1787-9, 2004.



© 2017 Ellad B. Tadmor (University of Minnesota)                                                                                                                                                                          

Stochastic Response
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‣ Nanostructure response is inherently stochastic and can be strongly rate dependent.

distinct diameters, 125 and 250 nm, each of which is
deformed under two different strain rates, 10!1 and
10!3 s!1. The stress plotted here is true stress following
the analysis assuming a homogeneously deforming pillar
while correcting for the elastic response of the pillar acting
as an indenter into the substrate [3]. All of the stress–strain
curves have a nearly elastic loading followed by intermit-
tent strain bursts. It is noticeable that there is no apprecia-
ble global hardening across all pillars tested. In comparing
the two different sizes at a constant strain rate, there exists
a clear size effect, whereby smaller pillars exhibit strengths
much greater than that of bulk. Furthermore, at a constant
pillar diameter, faster strain rates result in higher stresses
with the increase in strength significantly larger for smaller

pillar diameters. Interestingly, increasing the strain rate by
two orders of magnitude results in only a 15% strength
increase in 250 nm pillars, while the strength in 125 nm pil-
lars increases by almost 100% upon the same strain-rate
increase, suggesting an increased strain-rate sensitivity in
smaller pillars (Fig. 5A). It also appears that the faster
strain-rate compressions result in one catastrophic strain
burst as opposed to the multiple successive bursts charac-
teristic of the slower strain rates (Fig. 3).

3.2. Size-dependent strength

Fig. 4a shows a log–log plot of flow stress at 10% strain
as a function of pillar diameter for five different pillar
diameters between 75 and 500 nm deformed at three differ-
ent constant strain rates: from 10!1 to 10!3 s!1. If a strain
burst occurs at 10%, the strain at the last point in the pre-
vious loading region is chosen as the recorded stress. Stres-
ses are not recorded for values inside a burst because as the
pillar is deforming the machine is also removing load in
order to maintain a constant displacement rate. The two
combined effects result in an unclear instantaneous stress
level during a burst. This plot reveals that pillars with lar-
ger diameters, i.e. 150–500 nm, obey the widely observed
power-law size effect for all strain rates tested, with a
power-law slope of "0.54, well within the previously
reported range [1]. Across three different strain rates, the
power-law slope remains nearly constant despite a notice-
able increase in strength with increasing strain rate. This
suggests that the power-law slope in this size regime is
not significantly affected by strain rate, and therefore by
thermal contributions. The results for the fastest strain rate
of 10!1 s!1 show this continuous power-law behavior
extending down to the smallest diameter tested, i.e.
75 nm. At the two slower strain rates, however, a transition
diameter exists, below which the pillar strength deviates

Fig. 3. Four characteristic stress–strain curves plotted for pillars of two
different diameters, 125 and 250 nm, each deformed at two different strain
rates, 10!3 and 10!1 s!1. At a constant strain rate, smaller pillars have
higher strengths, whereas at constant diameter, faster strain rates result in
higher strengths. Plastic deformation continues beyond 25% strain,
followed by unloading in all the compression tests above. Deformation
behavior beyond 25% strain is omitted for clarity.

Fig. 4. (a) Strength as a function of diameter for three different strain rates (log–log scale). Trend lines denote power-law strengthening where plasticity is
governed by collective DD. Inset shows atomistic simulation of two SASs sharing a pinning point [63]. At the transition diameter, specific to each strain
rate, the mechanism changes to SS nucleation, as reflected in a deviation from the power-law strengthening. Bottom left inset shows atomistic simulations
of a SS (reprinted with permission from APS) [20]. Top right inset depicts two single arm sources with one shared pinning point [63]. (b) Theoretical
predictions by Zhu et al. [20], showing a nearly identical trend (reprinted with permission from APS).

5630 A.T. Jennings et al. / Acta Materialia 59 (2011) 5627–5637

Example: Compression of Cu nanopillar  (Jennings et al., Acta Mater., 59:5627 (2011).)

• Results for d =125 nm

• load drops are associated with 
defect nucleation

• response is stochastic

• response is rate dependent

high strain rate

low strain rate

‣ Nanostructure response is inherently stochastic  and can be strongly rate dependent.

‣ It is typically argued that the reasons for the the stochastic response are

• random distribution of defects

• small system size that fails to ensure a consistent average response

‣ True... but more fundamentally we’ll see that this goes to an inherent multiplicity in response.  
The defect distribution picks out particular response scenarios.
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Atomistic Simulations
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‣ The behavior of a system like a nanopillar is governed by the potential energy of its atoms:

internal energy
potential of external loads

scalar load parameter 
representing an increasing 
external loading (e.g. 
compression of nanopillar).

⇧(r1, . . . , rN ;�) = V(r1, . . . , rN )�
NX

↵=1

f↵
ext

(�) · r↵

‣ The force on an atom follows as

f↵ = � @⇧

@r↵
= �@V(r1, . . . , rN )

@r↵
+ f↵

ext

(�)

‣ Several simulation strategies are available:

Molecular Statics

min
r1,...,rN

⇧ ! f↵ = 0

min

⇧

Monte Carlo

random sampling

⇧

Molecular Dynamics

f↵ = m↵a↵

All of these methods can be understood in terms of the potential energy surface...
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Potential Energy Surface (PES)
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‣ It is useful for thinking about an atomistic simulation, to define the following terms:

Configuration space:  A 3N-dimensional space representing all possible configurations 
for a system of N atoms.  A point in configuration space,

corresponds to a particular realization of the system.

r = (r1, . . . , rN ) = (r1
1, r

1
2, r

1
3, . . . , r

N
1 , rN

2 , rN
3 )

Potential energy surface (PES):  a plot of     relative to 3N degrees of freedom axes.

3N degrees of freedom 

⇧ = ⇧(r11, r
1
2, r

1
3, . . . , r

N
1 , rN2 , rN3 ;�)

external 
loading

minimum

maximum

dividing 
surface

saddle 
point

� = constant

The PES has

minima = stable equilibrium states

               bulk structures, defects, microstructures, ...

maxima = unstable equilibrium states

saddle points = transition states

⇧
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Non-convexity of the Energy Surface
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‣ The potential energy surface is H I G H LY  non-convex:

• Huge number of minima corresponding to 

- different perfect bulk phases

- many defective structures (vacancies, dislocations, grain 
boundaries, etc.)

number of minima ⇡ N !e⌫N

particle permutations giving 
identical configuration estimate of number of ways of arranging 

particles in stable packing (ν > 0)

• The number of minima can estimated roughly as:

Ref:  Stillinger and Weber, Phys. Rev. A., 28, 2408-2416, 1983).

1 gram of argon is estimated to have          distinct structural minima !!!101022

‣ Consider the example of nanopillar compression...
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Example: Compression of a Nanoslab of Nickel
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Material
Nickel modeled using EAM 
potential of Angelo et al. (1995) 
modified to have smooth first 
and second derivatives.

Geometry
W0 = 1.25 nm
L0 = 3.5 nm

W0

[001]

[110]

[11̄0]
Loading
Displacement control: 
extension/compression defined 
by λ.

[110]
[001]

periodic [11̄0]

L0

�

(108 atoms in simulation domain)

��/2

+�/2
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Typical Result of Incremental Loading Simulation
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loss of 
stability

‣ Compression of a Ni slab

‣ But this is just one solution out of many...

�/L0

�

�

�
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BFB:  Systematic exploration of non-uniqueness
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‣ Instead of the standard incremental algorithm, we have developed an algorithm based on 
branch-following and bifurcation (BFB) techniques used in structural stability analysis. 

‣ BFB algorithms are designed to follow solution curves through bifurcation points 
(i.e. critical points where two or more solution curves intersect):

transcritical 
bifurcation point

symmetric  
bifurcation point

• Both stable and unstable curves 
satisfy

• Unstable curves have at least one 
zero or negative eigenvalue, thus

�� = 0

�(��) is not positive definite

r
stable

unstable

�

where .... atom positions (108×3=324 dofs)
.... applied displacement

‣ Stable and unstable equilibria of the potential energy Π satisfy:

r

�

r⇧(r;�) = 0
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BFB Results for Ni Nanoslab
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‣ Ni nanoslab:  Primary path

unstable

stable

critical point

−1

0

1

F
/A

0
[G

P
a]

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

λ/L0

shear strain
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BFB Results for Ni Nanoslab
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‣ Ni nanoslab:  Primary path + 1st generation path

unstable

stable

critical point

−1

0

1

F
/A

0
[G

P
a]

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

λ/L0
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BFB Results for Ni Nanoslab
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‣ Ni nanoslab:  Primary path + 1st generation path + 2nd generation path

unstable

stable

critical point

−1

0

1

F
/A

0
[G

P
a]

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

λ/L0
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Equilibrium Map
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‣ We define the Equilibrium Map (EM) of the system as the complete set of stable and 
unstable solutions (bifurcation diagram) along with the kinetic transition network 
connecting stable states through saddlepoints. 

Pattamatta, Elliott and Tadmor, PNAS, 11, E1678 (2014).

higher unstable

stable

Largest BFB simulation to date:
- 196394 paths (55794 stable segments)
- 10.8 million soln points (142 GB)
- 9.71 processor years (720 processors)

At any load, EM contains the available stable 
states, their connectivity through unstable 
states, and the transition rates estimated 
from harmonic transition state theory.

saddles
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Kinetic Transition Network
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‣ Kinetic transition network at 
λ/L0 = 2.8%.

• Stable points → potential basins

• Unstable points → saddle points

• Connectivity determined by perform 
steepest descent from unstable points.

• Estimate transition rates using hTST:

R = f0 exp[��⇧/kBT ]

R =

2

64
R11 . . . R1n
...

...
...

Rn1 . . . Rnn

3

75

• Use connectivity diagram, to construct a 
rate table R with the transition rates 
between all n stable states:

99TRy

329TQz

33113TRy

33113TQx

99TRx

33113TQy
33113TRx

329TI

33513TQx

33513TQy1272TRy

5226TRy

1272TRx

5226TRx

33513TQz

33113TQz

5713TI

7047TI

7047TQz

8209TI

8209TQz

33513TJ

33113TJ

5713TRx

7047TRx

7047TRy

8209TRx

8209TRy

99TQz

329TRy

1272TI

5226TI

33513TI

33113TI

99TI

33113TRz

329TRx

1TI

5226TQz

1272TQz

33513TRz

33513TRy

33513TRx
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Kinetic Monte Carlo (KMC) Algorithm
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‣ State-to-state dynamics can be obtained from kinetic Monte Carlo:

[1] For the current state i of the system, randomly choose one of the possible events based on 
their relative rates:

�
Ri1 Ri2 Ri3

Ri4
Rin

R
tot,i =

nX

j=1

Rij

0  random number  R
tot,i

Total escape rate 
out of state i.

[4] Repeat until end time is reached.

[2] Compute time to escape from the exponential distribution for the total escape rate:

where r is a uniformly distributed random number in the range (0,1]t
escape

= � 1

R
tot,i

ln r

[3] Increment clock,                           , move system to new state.t ! t+ tescape
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Driven Dynamics Procedure
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‣ The standard KMC procedure applies only when the rate table is constant.
In our case,               , since the PES depends on             . 

Increasing load

� � �

�

‣ In this case a KMC procedure for time-dependent transition rates must be applied:

R = R(t) � = �(t)

time

• Use EM to construct a series of rate tables, R(0),R(�t),R(2�t), . . .

• At time,            , randomly select the event to occur based on the relative rates as in 
standard KMC.

tescape

• Select an escape time consistent with the evolving rate table:

where            is the total escape rate out of state i 
and r is a random number in the range (0,1].

� ln r =

Z tescape

0

R
tot,i(⌧) d⌧ R

tot,i
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Driven Dynamics Results
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‣ Solution using kinetic Monte Carlo for time-dependent rates (500 trajectories).

• At high rates, the system gets “stuck” in a 
state because the PES evolves on a time scale 
comparable to transitions until the state 
loses stability (quenched dynamics).

• At slow rates, early escape is possible.

• Slow rate inaccessible via MD (253 CPU yrs).

✏̇ = 1 s�1 (�̇ = 3.5 nm/s)

✏̇ = 108 s�1 (�̇ = 0.35 m/s)

t
tot

= 0.08 s

t
tot

= 8⇥ 10�10 s

Jennings et al. (2011)

Experimental Compression of Cu Nanopillar

Geer and de Hosson (2011)
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Bridging the Micro-to-Macro Gap
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Objective:  Construct predictive constitutive relations and failure criteria 
for materials and nanoscale systems from the atoms up.

Challenges and Open Questions

1. How can we reliably predict the interactions between the atoms?

2. How do we deal with the exponential complexity of the atomic energy landscape?

3. How do we address the huge spatial and temporal scale disparities from the atomic 
to the macroscopic?

4. How do we relate macroscopic concepts like stress to microscopic processes?

5. How can non-equilibrium processes be modeled?

These are some of the questions being explored in the field of 
multiscale modeling of materials.
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Limits of Molecular Simulations
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‣ Length and time scales accessible in molecular dynamics (MD) simulations are limited:

One of the largest MD simulations 
ever performed ~ 1012 atoms

SPASM Code, Germann et al. (2008)

2500 nm

• BlueGene/L (200K+ CPUs, 72 TB RAM)
• Lennard-Jones potential
• total time = 40 time steps
• wall clock time ≈ 45 sec / time step

A typical MD time step is

�tMD ⇡ 1 fs = 10�15 sec

To reach

1 ms — would take — 1426 years

1 ns — would take — 521 days
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Atomic Scale Friction
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‣ An area of interest for us the study the nature of friction at nano scales.

This is characterized by atomic force microscope (AFM) experiments.

Wikiepdia

slider 
spring 

Normal force 

AFM cantilevers are small (L≈100 μm) but still far 
too large to simulate fully atomistically.   
Simulations are performed on just the near-tip 
region, which can lead to overheating and 
nonphysical results. 

W. K. Kim
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Coupling Across Length Scales
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‣ We develop the finite temperature quasicontinuum (hot-QC) method that retains 
atomistic resolution in regions of interest and uses a continuum approximation elsewhere.

References:  
• Tadmor et al., Phil Mag A, 73:1529 (1996)
• Dupuy et al., PRL,  95:060202 (2005)
• Tadmor et al., Appl. Mech. Rev., 65:010803 (2013)

atomistic region
(molecular dynamics)

f↵ = � @⇧
@r↵

= � @bV
@r↵

+ f↵
ext

where

f↵ = m↵a↵

continuum region 
(finite elements)

where

� = ⇢
@ CG

@F
F T

 CG coarse-grained 
free energy 
computed 
using stat mech 
assumptions.

F deformation 
gradient

r · � = ⇢a
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Limitations of Hot-QC
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0.2 μm

0.
1 
μm

‣ Hot-QC extends MD to macroscopic 

length scales by reducing DOFs:

790,000 atoms  → 4,500 repatoms

‣ As a result the loading rate, as in standard MD, is artificially high:

Loading rate = 5×106 μm/s       (experimental is 0.001-1 μm/s) 

‣ What can we do to speed up the MD simulations?...

e.g.  in a nanoindentation simulation:

‣ But the time scale is limited by the 

MD time step in the atomistic region:

�tQC = �tMD ⇡ 1 fs
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Hyper-QC:  Accelerating time in Hot-QC
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‣ Hyper-QC = Hot-QC + Hyperdynamics is a multiscale method for performing hot-QC 

simulations with a modified energy landscape to accelerate time. 

�V = 0‣ It can be shown that if              on dividing surface of  A, 

Hot-QC calculations with the biased potential exhibit

Boost factors in the 1000s to millions are typical.

• same state-to-state dynamics

• boosted time step of

� 1

�tb = e+��V(q(t))�tQC

‣ Modify the potential energy landscape 

by adding a bias potential       :

A"
B" C"

Vb(q) = V(q) + �V

where

�V

�V =

(
> 0 if q in Basin A

= 0 if q on Div. Surf. A

Kim et al., JMPS, 63:94 (2014);  Kim and Tadmor, Phil. Mag, in press (2017).
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Mechanism-Based Bias Potential
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‣ The efficiency of a hyper-QC simulation is directly tied to the choice of the bias potential.

‣ We propose a new mechanism-based approach that incorporates knowledge of the 

physics of the simulated system into the bias potential design

• In fcc, defect nucleation occurs by slip on {111} planes;

• Bias potential is based on maximum slip on slip planes:

• The bias potential is designed to vanish whenever the slip 
exceeds a critical amount to maintain the condition: 

�V = 0 on �A.

�V = �V(s
max

)

atoms below slip plane

atom above
�

s =
�

rincircle

�V‣ We seek a potential         that provides good 

boost but is zero at dividing surfaces.

• local measure of dividing surface;

• bond-boost method;

• hyperdistance method;
A"

B" C"

�V
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Hyper-QC Example: Nanoindentation
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2000 Å

10
0 

Å

[111̄]

[1̄10]

Ref:  Kim and Tadmor, Phil. Mag, in press (2017).

‣ Nanoindentation into a Ni thin film

• EAM potential (Zhou et al., 2004)

• 6135 repatoms (4779 NL, 1356 L)

• 78,000 atoms

• Loading rate = 106, 105, 104, 103,102 μm/s (experimental ~ 1 μm/s)

• Temp =  0, 100, 200, 300 K

• indent rad = 5 nm
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Hyper-QC Example: Nanoindentation
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‣ RESULTS

SF

• Nucleation mechanism:  a pair of opposite partial 
dislocations nucleated sub-surface and move up/down.

• The indenter depth at initial nucleation is dependent 
on the loading rate:

Lines are fits based on the Tomlinson 
model at constant temperature:

hindenter = �⇤1 + �⇤2 ln v

(Assumed linear relation between 
indentation depth and load.)

July 11, 2016 Philosophical Magazine hyperqc-nanoind
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Figure 8. (a) The indentation depth and (b) the indentation force at which the first partial dislocation
nucleates as a function of indenter velocity at temperatures of 100, 200, 300 K. EBT: Change x-label in
both plots to “Indenter velocity”

4.3.4. Onset of plasticity: Temperature and rate dependence

A basic feature of nanoindentation experiments is the nucleation of dislocations
under the indenter. By applying hyper-QC, we tested the effect of temperature on
dislocation nucleation over a range of indenter velocities that are not accessible with
unaccelerated schemes. Three temperatures were simulated, T = 100, 200, 300 K
and five orders of indenter velocity ranging from 1 m/s to 10−4 m/s. Figures 8(a)
and 8(b) show the indentation depth and indenter force at which the first partial
dislocation nucleates. For each indenter velocity and temperature, 20 sample sim-
ulations with different initial conditions were performed. The results in the figures
are averages over these samples with the error bars indicating the standard errors.
At the higher indenter velocities of 1 m/s and 0.1 m/s the hot-QC method (with-

out acceleration) was applied in both continuous and stepped indentations. The
continuous and stepped indentation results are in good agreement at all the simu-
lated temperatures, which validitates of the stepped indentaion approach. Hyper-QC
was used to reduce the indenter velocity to 0.001 m/s at T = 300 K (two orders of
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Summary:  Challenges in Multiscale Modeling

42

1. How can we reliably predict the 
interactions between the atoms?
KIM Repository + Transferability

3. How do we address the huge spatial 
and temporal scale disparities?

Hyper-QC

4. How do we relate macroscopic concepts 
like stress to microscopic processes?

I-K-N Statistical Mechanics Definition

Spatial averaging

Numerical sampling

Hardy’s Definition

Virial Stress

uniform weighting volume → 0

Tsai stress

Unified Framework for Stress

2. How do we deal with the 
complexity of the energy surface?

Equilibrium Maps

atomic 
energy
error

atomic nbhd. representation
(4D bispectrum)

TRAINING SET

NEW PROP

GPR
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Further Reading
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http://ModelingMaterials.org


